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Non-Newtonian transport properties of an inertial suspension of inelastic rough hard spheres
under simple shear flow are determined from the Boltzmann kinetic equation. The influence of
the interstitial gas on rough hard spheres is modeled via a Fokker–Planck generalized equation for
rotating spheres accounting for the coupling of both the translational and rotational degrees of
freedom of grains with the background viscous gas. The generalized Fokker–Planck term is the sum
of two ordinary Fokker–Planck differential operators in linear v and angular ω velocity space. As
usual, each Fokker–Planck operator is constituted by a drag force term (proportional to v and/or ω)
plus a stochastic Langevin term defined in terms of the background temperature Tex. The Boltzmann
equation is solved by two different but complementary approaches: (i) by means of Grad’s moment
method, and (ii) by using a Bhatnagar–Gross–Krook (BGK)-type kinetic model adapted to inelastic
rough hard spheres. As occurs in the case of smooth inelastic hard spheres, our results show that
both the temperature and the non-Newtonian viscosity increase drastically with increasing the shear
rate (discontinuous shear thickening effect) while the fourth-degree velocity moments also exhibit
an S-shape. In particular, while high levels of roughness may slightly attenuate the jump of the
viscosity in comparison to the smooth case, the opposite happens for the rotational temperature.
As an application of these results, a linear stability analysis of the steady simple shear flow solution
is also carried out showing that there are regions of the parameter space where the steady solution
becomes linearly unstable. The results derived here extend to rough spheres previous works devoted
to purely smooth spheres [H. Hayakawa and S. Takada, Prog. Theor. Exp. Phys. 083J01 (2019);
R. Go´mez Gonza´lez and V. Garzo´, J. Stat. Mech. 013206 (2019)].
I. INTRODUCTION
Needless to say, shear thickening (a rheological process
in which the viscosity increases with the shear rate) in
non-Newtonian gas-solid flows is likely one of the most
challenging and open problems in suspensions of parti-
cles in gases or liquids. Apart from its practical interest
(it has been broadly found in nature1 and industry2,3),
its understanding from a more fundamental point of view
has attracted the attention of many researchers in the last
few years.4–18 Shear thickening can occur as a smooth in-
crease of the viscosity with increasing the shear rate; this
effect is usually referred to as continuous shear thicken-
ing (CST). On the other hand, it can be also observed as
a drastic increase of the viscosity at a specific shear rate;
this dramatic version of CST is known as discontinuous
shear thickening (DST). These two different phenomena
can be observed for instance in a suspension of cornstarch
on water at different cornstarch concentrations.
On the other hand, although the shear-induced solid-
like behavior produced in DST has generated a signifi-
cant interest, most of the studies have been focused in
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densely packed suspensions where extensive simulations
have been carried out to disclose the origin of this unex-
pected phenomenon. As has been widely discussed in the
review of Brown and Jaeger,12 the above studies propose
three main mechanisms based on particle reorganization
to explain the shear thickening phenomena: hydroclus-
tering, order-disorder transition, and/or dilatancy. How-
ever, DST has been shown to appear also at relatively
low-density regimes19–26 where specific structural char-
acteristics that influence the stress transmission are not
apparently substantial enough to explain such a sharp
transition. Thus, in order to unveil in a clean way the
microscopic mechanisms involved in DST, it would be
also convenient to consider relatively low-density systems
where kinetic theory can provide a quantitative theoret-
ical description. In the context of kinetic theory, some
previous works19–23 have shown the existence of a DST-
like process for the temperature between a quenched state
(a low-temperature state) and an ignited state (a high-
temperature state) in homogeneously sheared gas-solid
suspensions.
However, all the above works19–23 consider a suspen-
sion model where the effects of thermal fluctuations on
the dynamics of grains were neglected. A more accu-
rate suspension model where the effect of the intersti-
tial gas on solid particles is accounted for via a vis-
cous drag force plus a stochastic Langevin term27 has
been recently considered24,25 for obtaining the shear-rate
2dependence of the kinetic temperature and the stress
tensor. The theoretical results24–26 have been com-
pared against event-driven Langevin simulation for hard
spheres (EDLSHS),28 showing a very good agreement
specially for low-density systems. Both approaches (ki-
netic theory and simulations) conclude that there is a
transition from DST (found for very dilute systems) to
CST as the volume fraction of the granular gas increases.
An important limitation of the above theoretical
works19–26 is that the solid particles were modeled as
smooth inelastic hard spheres. This means that the ef-
fects of tangential friction and rotation induced by each
binary collision on rheology were ignored in the above
attempts. The purpose of the present paper is to ex-
tend the previous theoretical efforts of smooth spheres to
rough spheres in order to assess the impact of roughness
on the rheological properties of the suspension. Thus,
we want to uncover the whole range values of the normal
α and tangential β restitution coefficients and derive ex-
plicit expressions for the rotational Tr and translational
Tt temperatures as well as for the relevant elements of
the pressure tensor Pkℓ. Given the mathematical diffi-
culties involved in the general problem, as in Refs. 25,26,
we consider here very dilute systems for which the Boltz-
mann kinetic equation offers a reliable description. To
the best of our knowledge, only two previous papers5,13
have addressed the role of roughness in the rheological
phenomena. However, given that these works5,13 con-
sider concentrated colloidal suspensions at the jamming
transition, no analytical results were derived since they
combine experimental and computer simulation results
of spherical colloids. In this sense, the present contribu-
tion complements these previous attempts5,13 since our
results allows us to unveil the combined effect of both
α and β on the shear-rate dependence of the pressure
tensor.
As said before, our goal here is to determine the rhe-
ological properties of an inertial suspension of inelastic
rough hard spheres under simple shear flow. This state
is macroscopically characterized by a constant density
n, a uniform temperature T , and an homogeneous shear
field Ux = ay, where a is the constant shear rate. As
usual, we are interested here in steady state conditions.
In addition, as in previous works,25,26 the influence of
the viscous gas on solid particles is modeled by means of
an operator representing the gas-solid interaction force.
In the limit case of purely smooth spheres (α = 1 and
β = −1), only translational degrees of freedom play a role
in the dynamics of grains. In this special case, the fluid-
force is composed by a viscous drag force proportional to
the (instantaneous) velocity of particles v (the coefficient
of proportionality is the translational drift coefficient γt)
plus a Langevin-like term defined in terms of the back-
ground temperature Tex. On the other hand, beyond the
smooth case, one has to take into account the coupling
between the rotational degrees of freedom of grains and
the interstitial gas. Following a model introduced years
ago by Hess29 for Brownian motion of rotating particles,
we assume that the structure of the rotational part of the
fluid-force is similar to that of the translational part: a
drag force term proportional to the angular velocity ω
(the coefficient of proportionality is the rotational drift
coefficient γr) plus a stochastic Langevin-like term de-
fined in terms of Tex. The coefficients γt and γr are both
proportional to the shear viscosity of the interstitial gas
and hence, both coefficients are proportional to
√
Tex.
This suspension model has been more recently consid-
ered to study a segregation problem of microswimmer
mixtures.30
The suspension model for inelastic rough hard spheres
is solved by following two different but complementary
theoretical tools. First, Grad’s moment method31 is con-
sidered to approximately get the explicit forms of both
the (reduced) translational Tt/Tex and rotational Tr/Tex
temperatures and the (reduced) elements Pkℓ/(nTex) of
the pressure tensor in terms of the restitution coeffi-
cients α and β and the (reduced) shear rate a∗ ≡ a/γt.
Then, as a second alternative and to overcome the math-
ematical difficulties of the Boltzmann collision operator,
a Bhatnagar-Gross-Krook (BGK) model kinetic equa-
tion recently proposed for inelastic rough hard spheres32
is considered. This kinetic model retains the essential
physical properties of the Boltzmann equation and al-
low one to obtain all the velocity moments of the veloc-
ity distribution function. In particular, the results de-
rived for the pressure tensor from the kinetic model co-
incide with those derived from the Boltzmann equation
when one conveniently chooses a free parameter of the
model. Apart from the second-degree velocity moments,
the shear-rate dependence of the fourth-degree moments
is also widely analyzed.
The plan of the paper is as follows. Section II is de-
voted to the definition of the suspension model for inelas-
tic rough hard spheres in the low-density limit. Starting
from the Boltzmann kinetic equation, the exact balance
equations for the densities of mass, momentum, and en-
ergy are derived with expressions for the momentum and
heat fluxes. These expressions are defined in terms of the
velocity distribution function. Section III deals with the
simple shear flow state where the time evolution of the
elements of the pressure tensor Pkℓ is exactly obtained.
The above set of equations for Pkℓ is solved by estimat-
ing the collisional moment associated with the transfer of
momentum by means of Grad’s moment method. This
permits to achieve explicit forms for Tr, Tt, and Pkℓ under
steady state conditions. The results obtained from the
BGK-like model are exposed in Sec. IV. Before consider-
ing the results for inertial suspensions, Sec. V analyzes
the results in the so-called dry granular gases, namely,
when the influence of the interstitial gas is neglected (i.e.,
when γt = γr = 0). Although these results are interest-
ing by themselves, they offer the opportunity to compare
the present theory with the results derived many years
ago by Lun33 for nearly elastic collisions (α . 1) and
nearly perfectly rough particles (β . 1). The results for
the rheological properties and the fourth-degree velocity
3moments are illustrated in Sec. VI for several values of
the coefficients α and β. It is clearly shown that the
roughness do not substantially change the conclusions
found in the smooth limit case since DST is also present
for inelastic rough spheres. In addition, the BGK re-
sults also show that the fourth-degree moments increase
dramatically with the shear rate in a certain region of
values of the shear rate. A linear stability analysis of the
steady simple shear flow solution is carried out in Sec.
VII. As expected from the previous analysis performed
for smooth spheres,25 the homogeneous steady sheared
solution can be linearly unstable in certain regions of the
parameter space. The paper is closed in Sec. VIII with a
brief discussion on the results reported here.
II. BOLTZMANN KINETIC EQUATION FOR
GAS-SOLID FLOWS OF INELASTIC ROUGH
HARD SPHERES
A. Boltzmann equation for inertial suspensions
We consider a set of solid particles of diameter σ, mass
m, and moment of inertia I immersed in a molecular gas
of viscosity ηg. The solid particles are modeled as inelas-
tic rough hard spheres. We assume that the collisions
among particles are inelastic and are characterized by
constant coefficients of normal restitution (α) and tan-
gential restitution (β). While the coefficient α ranges
from 0 (perfectly inelastic collisions) to 1 (perfectly elas-
tic collisions), the coefficient β ranges from −1 (perfectly
smooth spheres) to 1 (perfectly rough spheres). Kinetic
energy is in general dissipated by collisions, except in the
cases α = 1 and β = ±1. An interesting feature of this
model is that inelasticity affects both translational and
rotational degrees of freedom of the spheres.
In the low-density regime (nσ3 ≪ 1, where n is the
number density), all the relevant information on the state
of the suspension is given through the one-particle veloc-
ity distribution function f(r,v,ω; t), where v and ω are
the (instantaneous) linear (translational) and angular ve-
locities, respectively. Neglecting the effects of the gravity
field, the velocity distribution f obeys the Boltzmann ki-
netic equation34–38
∂f
∂t
+ v · ∇f + Ff = J[v,ω|f(t), f(t)], (2.1)
where Ff is an operator characterizing the influence of
the interstitial gas on grains and J [f, f ] is the Boltzmann
collision operator given by37,38
J [v1,ω1|f, f ] = σ2
∫
dv2
∫
dω2
∫
dσ̂
×Θ(σ̂ · g)(σ̂ · g)
[ 1
α2β2
f(r,v′′1 ,ω
′′
1 ; t)f(r,v
′′
2 ,ω
′′
2 ; t)
−f(r,v1,ω1; t)f(r,v2,ω2; t)
]
. (2.2)
Here, Θ(x) is Heaviside’s step function, σ̂ is the unit
collision vector joining the centers of the two colliding
spheres and pointing from the sphere labeled by 1 to the
sphere labeled by 2, and g = v1 − v2 is the relative
translational velocity. In Eq. (2.2), the double primes
on the linear and angular velocities denote the initial ve-
locities {v′′1 ,ω′′1 ,v′′2 ,ω′′2} that lead to the final velocities
{v1,ω1,v2,ω2} following a binary restituting collision.
The restituting (or inverse) collision rules are33–36,39
v′′1 = v1 −Q′′, v′′2 = v2 +Q′′, (2.3)
ω
′′
1 = ω1 −
2
σκ
σ̂ ×Q′′, ω′′2 = ω2 −
2
σκ
σ̂ ×Q′′, (2.4)
where Q′′ reads
Q′′ =
1 + α−1
2
σ̂(σ̂ · g)− κ
1 + κ
1 + β−1
2
[
σ̂(σ̂ · g)− g
+
σ
2
σ̂ × (ω1 + ω2)
]
. (2.5)
In Eqs. (2.4) and (2.5), κ = 4I/mσ2 is a dimensionless
parameter characterizing the mass distribution within a
sphere. It runs from the extreme values κ = 0 (namely,
when the mass is concentrated on the center of the
sphere) and κ = 23 (namely, when the mass is concen-
trated on the surface of the sphere). In the case that the
mass is uniformly distributed, then κ = 25 .
Similarly, the collisional rules for the direct collision
(v1,ω1,v2,ω2)→ (v′1,ω′1,v′2,ω′2) are
v′1 = v1 −Q, v′2 = v2 +Q, (2.6)
ω
′
1 = ω1 −
2
σκ
σ̂ ×Q, ω′2 = ω2 −
2
σκ
σ̂ ×Q, (2.7)
where Q is given by
Q =
1 + α
2
σ̂(σ̂ · g)− κ
1 + κ
1 + β
2
[
σ̂(σ̂ · g)− g
+
σ
2
σ̂ × (ω1 + ω2)
]
. (2.8)
Equations (2.6) and (2.8) allows us to evaluate the vari-
ation of the total energy (translational plus rotational
energy). After some algebra, one gets
4∆E =
m
2
(
v
′2
1 + v
′2
2 − v21 − v22
)
+
I
2
(
ω
′2
1 + ω
′2
2 − ω21 − ω22
)
= −m1− β
2
4
κ
1 + κ
[
σ̂ ×
(
σ̂ × g+ σω1 + ω2
2
)]2
−m1− α
2
4
(σ̂ · g)2. (2.9)
The right hand side of Eq. (2.9) vanishes (and so, the
total energy is conserved in a collision) when α = 1 and
β = −1 (perfectly smooth spheres) and α = 1 and β = 1
(perfectly rough spheres).
As in our previous works on granular
suspensions,24–26,40 the effect of the interstitial gas
on the inelastic rough hard spheres is accounted for the
operator F acting on the velocity distribution function
f . In the case that the spheres are perfectly smooth
(and so, inelasticity only affects the translational degrees
of freedom of the spheres), for low Reynolds numbers,
the instantaneous fluid force is usually constituted by
two terms: (i) a drag force term proportional to the
relative velocity v−Ug (Ug being the known mean flow
velocity of the background gas) and (ii) a stochastic
Langevin-like term modeled as a Gaussian white noise.41
While the first term (Stokes’ law) takes into account
the dissipation of energy due to the friction of grains
on the viscous gas, the stochastic force gives energy
to the solid particles in a random way. This latter
term mimics the interaction between the solid particles
and the particles of the surrounding (bath) gas. Both
terms account for the coupling between the translational
degrees of freedom of the spheres and the background
gas. Needless to say, one might expect similar effects
with the rotational degrees of freedom of grains in the
case of inelastic rough spheres.
Therefore, following a generalized Fokker–Planck equa-
tion for rotating spheres proposed many years ago by
Hess,29 we write the operator Ff as
Ff = F trf + F rotf, (2.10)
where F tr and F rot denote the corresponding Fokker–
Planck terms associated with the translational and ro-
tational degrees of freedom of spheres. As usual, the
translational part F trf can be written as24,26
F trf = −γt ∂
∂v
· (v −Ug) f − γtTex
m
∂2f
∂v2
, (2.11)
where γt is a drag coefficient associated with the transla-
tional degrees of freedom and Tex is temperature of the
interstitial molecular gas. Although γt is in general a ten-
sor, it may be considered as a scalar proportional to the
viscosity of the background fluid ηg ∝
√
Tex in the case of
very dilute suspensions. More specifically, if the diameter
of the sphere is very large compared with the mean free
path of the viscous gas, then γt = 3πσηg/m. It must be
noted that the strength of the correlation in the stochas-
tic term of Eq. (2.11) has been chosen to be consistent
with the fluctuation-dissipation theorem when collisions
are elastic.41 Similarly, the rotational part F rotf has an
analogous structure to Eq. (2.11) except that the linear
velocity v is replaced by the angular velocity ω. It is
given by29
F rotf = −γr ∂
∂ω
· ωf − γr Tex
m
∂2f
∂ω2
, (2.12)
where γr = πσ
3ηg/I. Note that in contrast to F tr,
the “drag” term of F rot is proportional to the (instanta-
neous) angular velocity ω; we are assuming for simplicity
that the mean angular velocity of the surrounding gas is
zero. Moreover, in Eqs. (2.11)–(2.12), we are also ne-
glecting a term which takes into account the coupling of
translational and rotational motions. This term stems
from the transverse force v × ω and was originally pro-
posed in the Brownian model of rotating particles.29 As
will be shown later, we do not consider here this coupling
term because the solution to the Boltzmann equation
from Grad’s method31 in the uniform shear flow prob-
lem is defined in terms of a two-temperature Maxwellian
distribution where the translational and rotational de-
grees of freedom are not correlated. In this approach, the
corresponding contribution to the stress tensor coming
from the above transverse force term vanishes by symme-
try. A simpler version of the generalized Fokker–Planck
model (2.10) has been recently employed to study col-
loidal Brazil nut effect in microswimmer mixtures.30
According to Eqs. (2.11) and (2.12), the Boltzmann
kinetic equation (2.1) can be written as
∂f
∂t
+ v · ∇f − γt∆U · ∂f
∂v
− γt ∂
∂v
·Vf − γtTex
m
∂2f
∂v2
− γr ∂
∂ω
· ωf − γr Tex
I
∂2f
∂ω2
= J [f, f ]. (2.13)
Here, ∆U = U−Ug,
U(r; t) =
1
n(r; t)
∫
dv
∫
dω v f(r,v,ω; t) (2.14)
is the mean flow velocity of spheres, V = v −U is the
5translational peculiar velocity, and
n(r; t) =
∫
dv
∫
dω f(r,v,ω; t) (2.15)
is the number density.
It is quite apparent that the collision dynamics of the
suspension model (2.13) is not affected by the presence
of the background gas (namely, the form of the Boltz-
mann collision operator is the same as that of a dry
granular gas), and hence we neglect the inertia of the gas
phase. As has been widely discussed in several papers on
suspensions,19,20,42–44 the above approximation requires
that the stresses exerted by the molecular gas on the in-
elastic rough spheres are sufficiently small to assume that
they have a mild impact on the motion of grains. As the
particle density decreases with respect to the gas/fluid
density (for instance, glass beads in liquid water), the
inertia of gas phase is not negligible and hence, the pres-
ence of the background gas must be accounted for in the
Boltzmann collision operator.
B. Balance equations
The transfer equation for an arbitrary dynamic prop-
erty ψ(r,v,ω, t) can be obtained by multiplying both
sides of the Boltzmann equation (2.13) by ψ and inte-
grating over v and ω. In order to obtain the transfer
equation, an useful property of the Boltzmann collision
operator is38
J [ψ|f, f ] ≡
∫
dv1
∫
dω1ψ(r,v1,ω1)J [v1,ω1|f, f ]
= σ2
∫
dv1
∫
dω1
∫
dv2
∫
dω2
∫
dσ̂Θ(σ̂ · g)
×(σ̂ · g)
[
ψ(r,v′1,ω
′
1)− ψ(r,v1,ω1)
]
, (2.16)
where the collisional rules for the direct collision are given
by Eqs. (2.6) and (2.8).
The evolution equation for the average
〈ψ〉 = 1
n(r, t)
∫
dv
∫
dω ψ(r,v,ω; t)f(r,v,ω; t)
(2.17)
can be now easily obtained with the result
∂
∂t
(n〈ψ〉) − n〈∂ψ
∂t
〉+∇ · (n〈vψ〉) − n〈v · ∇ψ〉
+nγt∆U · 〈∂ψ
∂v
〉+ nγt〈V · ∂ψ
∂v
〉 − nγtTex
m
〈∂
2ψ
∂v2
〉
+nγr〈ω · ∂ψ
∂ω
〉 − nγrTex
I
〈∂
2ψ
∂ω2
〉 = J [ψ|f, f ]. (2.18)
The macroscopic balance equations for the densi-
ties of mass, momentum, and energy can be ob-
tained from the transfer equation (2.18) when ψ ≡{
1,mv,mV 2/2 + Iω2/2
}
. They are given by
Dtn+ n∇ ·U = 0, (2.19)
ρDtU = −ργt∆U−∇ · P, (2.20)
DtT + γt (Tt − Tex) + γr (Tr − Tex) = −ζT
− 1
3n
(∇ · q+ P : ∇U) . (2.21)
In Eqs. (2.19)–(2.21), ρ = mn is the mass density, Dt ≡
∂t+U·∇ is the material time derivative, and the granular
temperature T (r, t) is defined as
T =
1
2
(Tt + Tr) , (2.22)
where the (partial) translational Tt and rotational Tr
temperatures are defined as
Tt =
m
3
〈V 2〉, Tr = I
3
〈ω2〉, (2.23)
where the averages 〈· · · 〉 are defined by Eq. (2.17). More-
over, the pressure tensor P(r, t) is
P = ρ〈VV〉, (2.24)
while the heat flux vector q(r, t) is given by
q = qt + qr, (2.25)
where the translational qt and rotational qr contribu-
tions are defined as
qt =
ρ
2
〈V 2V〉, qr = In
2
〈ω2V〉. (2.26)
Moreover, the cooling rate ζ (which gives the rate of en-
ergy dissipation due to inelasticity) is
ζ =
Tt
2T
ζt +
Tr
2T
ζr , (2.27)
where the partial energy production rates associated with
the translational (ζt) and rotational (ζr) degrees of free-
dom are
ζt = − m
3nTt
J [v2|f, f ], ζr = − I
3nTr
J [ω2|f, f ]. (2.28)
One third of the trace of the pressure tensor P defines
the hydrostatic pressure p as
p = nTt. (2.29)
At a kinetic theory level, it is also convenient to derive
the balance equations for the partial temperatures Tt and
Tr. They are given by
DtTt + 2γt (Tt − Tex) + ζtTt = − 2
3n
(∇ · qt + P : ∇U) ,
(2.30)
DtTr + 2γr (Tr − Tex) + ζrTr = − 2
3n
∇ · qr. (2.31)
6Combination of Eqs. (2.30) and (2.31) leads to Eq. (2.21).
Before finishing this section, it is worthwhile remarking
that in the definition of Tr [second relation of Eq. (2.23)]
we have not referred the angular velocities ω to the mean
value Ω = 〈ω〉. This contrasts with the definition of Tt
[first relation of Eq. (2.23)] where the (instantaneous)
velocity v has been referred to U. As noted in previous
works,39 we have not defined Tr in terms of the difference
ω − Ω because Ω is not a conserved quantity. In the
case that we were defined the rotational temperature as
T˜r =
I
3 〈(ω −Ω)2〉, then the granular temperature T˜ =
(T˜t+ T˜r)/2 would not be a conserved hydrodynamic field
in the case of elastic (α = 1) and completely rough (β =
1) spheres, even although the total energy is conserved
in collisions [see Eq. (2.9) where ∆E = 0 if α = β = 1].
III. SIMPLE SHEAR FLOW
We assume that the inertial suspension is under sim-
ple (uniform) shear flow. As described in many previous
works,38 this state is macroscopically characterized by a
constant number density n, a uniform granular temper-
ature T (t), and macroscopic velocity field
Ui = aijrj , aij = aδixδjy , (3.1)
a being the constant shear rate. We also assume that the
mean angular velocity Ω = 0 and, as usual in uniform
sheared suspensions, the average (linear) velocity of par-
ticles follows the velocity of the fluid phase: U = Ug.
At a microscopic level, the main advantage of the sim-
ple shear flow is that this state becomes spatially ho-
mogeneous when the velocities of the particles v are re-
ferred to the frame moving with the linear velocity field
U.45,46 In this frame, the distribution function has the
form f(r,v,ω; t) = f(V,ω; t) and hence, the Boltzmann
equation (2.13) becomes
∂f
∂t
− aVy ∂f
∂Vx
− γt ∂
∂v
·Vf − γtTex
m
∂2f
∂v2
− γr ∂
∂ω
· ωf
−γr Tex
I
∂2f
∂ω2
= J [f, f ]. (3.2)
Since ∇n = ∇T = 0, the heat flux vanishes (q = 0) in
the simple shear flow and the (uniform) pressure tensor
P is the relevant irreversible flux of the problem. The
knowledge of P allows us to identify the most significant
non-Newtonian transport properties of the suspension.
In the simple shear flow problem, the conservation
equations (2.19) and (2.20) applies trivially while the bal-
ance equations (2.30) and (2.31) for the translational Tt
and rotational Tr temperatures, respectively, yield
∂Tt
∂t
+ 2γt (Tt − Tex) + ζtTt = − 2a
3n
Pxy, (3.3)
∂Tr
∂t
+ 2γr (Tr − Tex) + ζrTr = 0. (3.4)
Note that the (partial) energy production rates ζt and
ζr are defined in terms of the velocity distribution func-
tion f(V,ω) [see Eqs. (2.28)]. This means that one has
necessarily to get a solution of the Boltzmann equation
(3.2) to determine ζt and ζr and the stress tensor Pxy.
Once the above quantities are known, then the partial
temperatures Tt and Tr can be obtained by solving Eqs.
(3.3) and (3.4).
According to Eqs. (3.3) and (3.4), there two competing
mechanisms in the time evolution of the temperature. On
the one hand, there are cooling terms arising from inelas-
tic cooling and the friction of grains on viscous gas. On
the other hand, there are heating terms arising from the
viscous heating and the energy provided to the particles
by the stochastic driving term. After a transient period,
one expects that both mechanisms compensate for each
other and a steady state is achieved.
In the absence of shear rate (a = 0) and in the steady
state (∂tf = 0), for α = 1 and |β| = 1 the total kinetic
energy is conserved, and the solution to Eq. (3.2) is given
by the Maxwellian velocity distribution
fM(V,ω) = n
( mI
4π2T 2ex
)3/2
exp
(
−mv
2
2Tex
)
exp
(
− Iω
2
2Tex
)
.
(3.5)
On the other hand, beyond the above two special cases,
the solution to Eq. (3.2) is not known.
The relevant elements of the pressure tensor may be
obtained by multiplying both sides of Eq. (3.2) by mVkVℓ
and integrating over V and ω. The result is
∂tPkℓ + akjPℓj + ajℓPjk+ 2γt (Pkℓ − nTexδkℓ)
= mJ [VkVℓ|f, f ]. (3.6)
On the other hand, the exact form of J [VkVℓ|f, f ] is not
known, even in the simplest case α = 1 and β = ±1 where
the kinetic energy is conserved in collisions. Thus, one
has to resort to alternative approaches for computing the
pressure tensor Pij . As mentioned in the Introduction, in
this paper we will determine the elements of the pressure
tensor by using two different but complementary routes:
(i) by solving the Boltzmann equation by means of Grad’s
moment method, and (ii) by considering a BGK-like ki-
netic model recently proposed32 for inelastic rough hard
spheres.
IV. GRAD’S MOMENT METHOD
As has been clearly shown in several previous
works,21,24,47 Grad’s moment method can be considered
as an accurate tool to estimate the collisional moment
J [VkVℓ|f, f ]. In the same way as in molecular fluids,31
the idea of Grad’s method is to expand the velocity dis-
tribution function in powers of generalized Hermite poly-
nomials, the coefficients of the expansion being the cor-
responding velocity moments. This expansion is trun-
cated at a given order k and so, the moments of de-
gree higher than k are neglected in the corresponding
7solution. In the case of a three-dimensional gas, the
usual thirteen-moment approximation includes the den-
sity n, the three components of the mean flow velocity
U, the six elements of the pressure tensor P [recall that
Tt = (1/3n)(Pxx+Pyy+Pzz)], and the three components
of the heat flux vector q.31,48 Since the heat flux vanishes
in the simple shear flow problem, then Grad’s solution is
given by33,49
f(V,ω)→ f0(V,ω)
[
1 +
m
2nT 2t
(
ViVj − 1
3
V 2δij
)
Πij
]
,
(4.1)
where
Πij = Pij − pδij (4.2)
is the traceless part of the pressure tensor and f0 is the
two-temperature Maxwellian velocity distribution
f0(V,ω) = n
( mI
4π2TtTr
)3/2
exp
(
−mV
2
2Tt
)
exp
(
−Iω
2
2Tr
)
.
(4.3)
Upon writing the distribution (4.1) we have ignored the
possible contributions to f coming from the combina-
tion of traceless dyadic products of the three vectors V,
(V · ω), and V × ω with unknown scalar coefficients.50
These contributions are absent because we have neglected
the orientational correlations betweenV and ω. This ap-
proximation can be justified by the choice of the weight
distribution f0, which is isotropic in velocity space. In
addition, we have also neglected in Grad’s solution (4.3)
the contribution of the fourth-degree velocity moments
(cumulants) to the distribution f . These cumulants have
been determined in homogeneous situations,51–53 show-
ing that in general these quantities are small, specially
when the system is driven by a white-noise stochastic
thermostat.51,53 On the other hand, in spite of the above
approximations, it is worthwhile noticing that the the-
oretical predictions for the temperature ratio Tr/Tt ob-
tained by replacing f by f0 in homogeneous states have
been shown to compare very well with Monte Carlo and
molecular dynamics simulations.52 We expect that this
fair agreement is also kept in the simple shear flow state.
The collisional moment J [VkVℓ|f, f ] can be computed
when the trial distribution (4.1) is inserted into the def-
inition of this moment. The calculations are long but
standard and are based on the relationship (2.8). After
some algebra, one gets33,50
mJ [VkVℓ|f, f ] = −νηΠkℓ − pζtδkℓ, (4.4)
where we recall that p = nTt, and
νη =
[(
α˜+ β˜
)(
2− α˜− β˜
)
+
β˜2
6κ
Tr
Tt
]
νt, (4.5)
ζt =
5
3
[
α˜(1− α˜) + β˜(1− β˜)− β˜
2
κ
Tr
Tt
]
νt. (4.6)
In Eqs. (4.5)–(4.6),
α˜ =
1 + α
2
, β˜ =
κ
1 + κ
1 + β
2
, (4.7)
and νt is the effective collision frequency
νt =
16
5
nσ2
√
πTt
m
. (4.8)
In addition, the cooling rate ζr associated with the rota-
tional degrees of freedom [defined by the second relation
of Eq. (2.28)] can be also determined from the Grad’s
distribution (4.1) with the result33,50
ζr =
5
6
β˜
κ
[
1− β + 2β˜
(
1− Tt
Tr
)]
νt. (4.9)
Upon deriving Eq. (4.4), nonlinear terms in the tensor
Πkℓ have been neglected. Equation (3.6) can be more
explicitly written when the expression (4.4) is accounted
for. The result is
∂tPkℓ + akjPjℓ + aℓjPjk + 2γt (Pkℓ − nTexδkℓ) = −νηPkℓ
−p (ζt − νη) δkℓ. (4.10)
Equation (4.10) clearly shows that Pyy = Pzz and hence,
the constraint (2.29) yields Pxx = 3p− 2Pyy. The equal-
ity Pyy = Pzz do not agree with computer simulation re-
sults obtained for smooth granular suspensions.19,21 The
above drawback could be fixed if one would retain non-
linear terms in Πkℓ in the evaluation of J [VkVℓ|f, f ]. The
inclusion of these nonlinear corrections provides nonzero
contributions to the normal stress differences in the plane
orthogonal to the shear flow (namely, Pyy − Pzz 6= 0).21
However, the difference Pyy−Pzz is in general very small
and so, the expression (4.4) can be still considered as a
good approximation.
It is convenient now to introduce dimensionless quan-
tities. Among the different possibilities, as in previous
works on sheared granular suspensions,24,26 we scale the
quantities associated with the solid particles with those
referring to the gas phase, namely, γt, γr, and Tex. Since
the pressure tensor (which is the most relevant flux in the
simple shear flow state) is mainly related to the transla-
tional degrees of freedom, we reduce here the shear rate
and the external temperature with respect to the (trans-
lational) friction coefficient γt, namely,
a∗ ≡ a
γt
, T ∗ex ≡
Tex
mσ2γ2t
. (4.11)
In addition, the translational and rotational tempera-
tures are scaled with respect to Tex (θt ≡ Tt/Tex and
θr ≡ Tr/Tex) and we introduce the dimensionless quan-
tities
ζ∗t ≡
ζt√
θtγt
=
16
3
√
π
[
α˜(1− α˜) + β˜(1− β˜)− β˜
2
κ
θr
θt
]
×n∗
√
T ∗ex, (4.12)
8ν∗η ≡
νη√
θtγt
=
16
5
√
π
[(
α˜+ β˜
)(
2− α˜− β˜
)
+
β˜2
6κ
θr
θt
]
×n∗
√
T ∗ex. (4.13)
Here, n∗ ≡ nσ3 is the reduced density. As already noted
in previous studies,26 the explicit dependence of ζ∗t and
ν∗η on density comes from the dimensionless quantities
a∗ and T ∗ex. This way of reducing the above quantities
is closer to the one made in computer simulations for
smooth inelastic hard spheres.24 Needless to say, if you
had reduced a and Tex with the collision frequency νt
(this sort of scaling is usual in sheared molecular gases54),
the above density dependence had been removed. Note
that ζ∗t and ν
∗
η are independent of both the (transla-
tional) temperature Tt and the background temperature
Tex because γt ∝
√
Tex.
In terms of the above dimensionless variables, the set
of Eqs. (4.10) become
∂τP
∗
kℓ + a
∗
kjP
∗
jℓ + a
∗
ℓjP
∗
jk + 2 (P
∗
kℓ − δkℓ) = −ν∗η
√
θtP
∗
kℓ
−θt
√
θt
(
ζ∗t − ν∗η
)
δkℓ,(4.14)
where we have introduced the (scaled) time variable τ
defined as dτ = γtdt.
A. Steady state solution
As said before, after a transient regime, one expects
that the suspension reaches a steady state. The interest-
ing point is that this steady sheared state is inherently
non-Newtonian.55 The main goal of this paper is to deter-
mine the rheological properties of the inertial suspension
in the steady uniform shear flow.
An inspection to the results derived in the smooth
case26 shows that Eq. (4.14) (with ∂τP
∗
kℓ = 0) is formally
equivalent to that of this limit case when one makes the
changes θ → θt, ζ∗ → ζ∗t , and ν∗0|2 → ν∗η , where the quan-
tities θ, ζ∗, and ν∗0|2 are defined in Ref. 26. Consequently,
the expressions of P ∗yy, P
∗
xy, and a
∗ can be obtained from
comparison with those obtained in the smooth case [see
Eqs. (32), (33), and (35) of Ref. 26]. They are given by
P ∗yy = P
∗
zz =
2 +
(
ν∗η − ζ∗t
)
θt
√
θt
2 +
√
θtν∗η
, P ∗xx = 3θt − 2P ∗yy,
(4.15)
P ∗xy = −
2 +
(
ν∗η − ζ∗t
)
θt
√
θt
(2 +
√
θtν∗η)
2
a∗. (4.16)
a∗ =
√
3
2
√
θtζ∗t + 2
(
1− θ−1t
)
√
θt
(
ν∗η − ζ∗t
)
+ 2θ−1t
(
2 +
√
θtν
∗
η
)
, (4.17)
The steady (reduced) temperatures θt and θr can be de-
termined from Eqs. (3.3) and (3.4) (with ∂tθt = ∂tθr = 0)
as
2 (θt − 1) +
√
θtθtζ
∗
t = −
2
3
a∗P ∗xy, (4.18)
2
γr
γt
(θr − 1) +
√
θtθrζ
∗
r = 0, (4.19)
where γr/γt = 4/(3κ) and
ζ∗r ≡
ζr√
θtγt
=
8
3
√
π
β˜
κ
[
1− β + 2β˜
(
1− θt
θr
)]
n∗
√
T ∗ex.
(4.20)
On the other hand, as already happens in smooth gran-
ular suspensions,24,26 it is not possible to express in Eq.
(4.17) θt in terms of a
∗ and the remaining parameters of
the suspension. Thus, for given values of α, β, κ, n∗, and
T ∗ex, one can consider θt for instance as input parameter
and determine a∗ and θr as the solutions to Eqs. (4.17)
and (4.19).
Once the (scaled) translational temperature θt is
known, the rheological properties of the suspension are
obtained from Eqs. (4.15), (4.16), and (4.19). In partic-
ular, the (dimensionless) non-Newtonian shear viscosity
η∗ =
P ∗xy
a∗
(4.21)
is given by
η∗ =
2 +
(
ν∗η − ζ∗t
)√
θtθt(
2 +
√
θtν∗η
)2 . (4.22)
Since (linear) Grad’s solution (4.14) yields P ∗yy = P
∗
xx,
then the only nonvanishing viscometric function is the
one associated with the difference P ∗xx − P ∗yy. In dimen-
sionless form, the first viscometric function is defined as
Ψ∗ = P ∗xx − P ∗yy = 3θt
2
(
1− θ−1t
)
+
√
θtζ
∗
t
2 +
√
θtν∗η
. (4.23)
As expected, the expressions (4.17), (4.22), and (4.23)
agree with the ones derived for inelastic Maxwell
models26 [see Eqs. (35), (39), and (40) of Ref. 26] when
one makes the replacements θt → θ, ζ∗t → ζ∗, and
ν∗η → ν∗0|2, where the quantities θ, ζ∗, and ν∗0|2.
B. Navier–Stokes results
In order to get analytical results, it is illustrative to
consider the limits of small and large shear rates. First,
when a∗ → 0, Eq. (4.17) yields the following relation for
determining the (translational) temperature θ
(0)
t :
θ
(0)
t
(
1 +
1
2
ζ∗t
√
θ
(0)
t
)
− 1 = 0. (4.24)
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FIG. 1: Plot of the ratio η∗NS(α)/η
∗
NS(1) versus the coefficient
of normal restitution α for granular suspensions (a) and dry
granular gases (b). Here, we have assumed spheres with a uni-
form mass distribution (κ = 2
5
) and a coefficient of tangential
restitution β = 1.
The rotational temperature θ
(0)
r is easily obtained from
Eq. (4.19) as
θ(0)r =
(
1 +
1
2
γt
γr
ζ∗r
√
θ
(0)
t
)−1
. (4.25)
Substitution of Eq. (4.24) into Eq. (4.22) gives the form
of the Navier–Stokes shear viscosity η∗NS:
η∗NS =
θ
(0)
t
2 +
√
θ
(0)
t ν
∗
η
. (4.26)
In the opposite limit (a∗ → ∞), the asymptotic ex-
pressions for ζ∗t 6= 0, α < 1, and |β| 6= 1 are
θ
(∞)
t =
2
3
ν∗η − ζ∗t
ν∗2η ζ
∗
t
a∗2, η∗∞ =
√
3
2
(
ν∗η − ζ∗t
)3/2
ν
∗3/2
η
√
ζ∗t
a∗.
(4.27)
When ζ∗t = 0, one has θ
(∞)
t = a
∗4/(9ν∗2η ) and η
∗
∞ =
a∗2/(3ν∗2η ). The corresponding expressions for θ
(∞)
r can
be obtained from (4.26) by replacing θ
(0)
t by θ
(∞)
t .
Similarly to suspensions of smooth inelastic hard
spheres,24,26 Eqs. (4.26) and (4.27) clearly show that
while η∗ is finite in the Navier–Stokes domain, it di-
verges for very large shear rates. In fact, the ratio
η∗(a∗ →∞)/η∗(a∗ → 0) becomes very large as the shear
rate increase; this could explain the existence of DST of
the shear viscosity coefficient. As mentioned in Sec. I,
this behavior gradually changes as the density increases
since the theoretical results derived from the Enskog ki-
netic theory (and confirmed by molecular dynamics sim-
ulations) show CST for finite densities.24
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FIG. 2: Plot of the ratio η∗NS(α, β)/η
∗
NS(1, β) versus the co-
efficient of normal restitution α for κ = 2
5
and four different
values of coefficient of tangential restitution β: β = −1 (a),
β = −0.5 (b), β = 0.5 (c), and β = 1 (d). Here, η∗NS(1, β) is
given by Eq. (4.26) with α = 1.
Although we are mainly in this paper interested in non-
Newtonian transport properties, Eq. (4.26) gives the ex-
pression of the Navier–Stokes shear viscosity coefficient of
a suspension of inelastic rough hard spheres. We are not
aware of any previous derivation of this relevant trans-
port coefficient. On the other hand, in the absence of
the interstitial gas (dry granular gas), the Navier–Stokes
shear viscosity coefficient was obtained in Ref. 50. Its
explicit form is provided in the Appendix A for the sake
of completeness. It is quite apparent that the form of
the Navier–Stokes shear viscosity of a dry gas of inelastic
rough hard spheres [see Eq. (A1)] differs from the one
derived here [see Eq. (4.26)], as expected. To illustrate
these differences with and without interstitial gas, Fig. 1
shows the α-dependence of the ratios η∗NS(α)/η
∗
NS(1) for
granular suspensions (line (a)) and dry granular gases
(line (b)). In the dry case, η∗NS = ηNSνt/(nTt). In Fig.
1, κ = 25 , β = 0, and η
∗
NS(1) refers to the value of the
shear viscosity at α = 1. We observe that the depen-
dence of the ratio η∗NS(α)/η
∗
NS(1) on α is very different
in both systems, even at a qualitative level since while
this ratio exhibits a non-monotonic dependence on the
coefficient of normal restitution in the case of granular
suspensions, it increases with decreasing α in the dry
granular case. Regarding granular suspensions and to
show the combined effect of α and β on η∗NS, Fig. 2 plots
the ratio η∗NS(α, β)/η
∗
NS(1, β) as a function of α for dif-
ferent values of β. We observe that, at fixed α, the above
ratios present a monotonic β-dependence since those co-
efficients decreasing from β = −1 to β = 1. In addition,
at fixed β, we see that while those coefficients increase
with decreasing α when β is negative, they exhibit a non-
monotonic dependence on α when β is positive. In any
case, Fig. 2 highlights the intricate interplay between the
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coefficients of restitution α and β on the behavior of the
Navier–Stokes shear viscosity coefficient.
V. BGK-LIKE KINETIC MODEL OF THE
BOLTZMANN EQUATION
To complement the results derived from the Boltzmann
equation from Grad’s moment method, we consider now
a BGK-like kinetic model for a granular gas of inelas-
tic rough hard spheres.32 As usual in kinetic models, the
intricate mathematical structure of the Boltzmann colli-
sion operator J [v,ω|f, f ] is replaced by a simpler term
K[v,ω|f ] that retains the basic physical properties of
the true Boltzmann operator. More specifically, J [f, f ]
is substituted by the sum of three terms:32 (i) a relaxation
term towards a two-temperature local equilibrium distri-
bution, (ii) a nonconservative drag force proportional to
V, and (iii) a nonconservative torque equal to a linear
combination of ω and Ω. In the context of the simple
shear flow problem, the operator K[v,ω|f ] becomes
K[v,ω|f ] = −χ(α, β)νt (f − f0)
+
ζt
2
∂
∂V
· (Vf) + ζr
2
∂
∂ω
· (ωf) , (5.1)
where νt is the collision frequency defined by Eq. (4.8), f0
is given by Eq. (4.3), and the forms of ζt and ζr are pro-
vided by Eqs. (4.6) and (4.9), respectively. Moreover, the
quantity χ(α, β) can be seen as a free parameter of the
model to be adjusted to agree with some property of in-
terest of the Boltzmann equation. With the replacement
(5.1), the BGK-like model for the granular suspension in
steady state reads
−aVy ∂f
∂Vx
− λt ∂
∂v
·Vf − γtTex
m
∂2f
∂v2
− λr ∂
∂ω
· ωf
−γr Tex
I
∂2f
∂ω2
= −χνt (f − f0) , (5.2)
where
λt ≡ γt + ζt
2
, λr ≡ γr + ζr
2
. (5.3)
The use of the BGK-like model allows us to determine
not only the rheological properties (which are connected
with the elements of the pressure tensor) but also all the
velocity moments of the velocity distribution function.
For a three-dimensional system, it is convenient in the
simple shear flow problem to define the general velocity
moments
Mk1,k2,k3 =
∫
dω
∫
dV V k1x V
k2
y V
k3
z f(V,ω). (5.4)
Note that here we are essentially interested in comput-
ing the velocity moments of f involving the translational
(peculiar) velocities V. To obtain these moments, we
multiply both sides of Eq. (3.6) by V k1x V
k2
y V
k3
z and inte-
grate over V and ω. The result is
ak1Mk1−1,k2+1,k3 + (χνt + kλt)Mk1,k2,k3 = Nk1,k2,k3 ,
(5.5)
where k = k1 + k2 + k3, and
Nk1,k2,k3 =
γtTex
m
Rk1,k2,k3 + χνtM
L
k1,k2,k3 . (5.6)
The quantities Rk1,k2,k3 and M
L
k1,k2,k3
are defined, respectively, as
Rk1,k2,k3 =
∫
dω
∫
dV f(V,ω)
∂2
∂V 2
(
V k1x V
k2
y V
k3
z
)
= k1(k1 − 1)Mk1−2,k2,k3 + k2(k2 − 1)Mk1,k2−2,k3 + k3(k3 − 1)Mk1,k2,k3−2, (5.7)
and
MLk1,k2,k3 = n
(
2Tt
m
)k/2
π−3/2Γ
(
k1 + 1
2
)
Γ
(
k2 + 1
2
)
Γ
(
k3 + 1
2
)
(5.8)
if k1, k2, and k3 are even, being zero otherwise. As ex-
pected, the structure of Eq. (5.5) is the same as in the
smooth case26 and hence, the solution to Eq. (5.5) can
be written as
Mk1,k2,k3 =
k1∑
q=0
k1!
(k1 − q)!
(−a)q
(χνt + kλt)
1+qNk1−q,k2+q,k3 .
(5.9)
The (reduced) nonzero elements of the pressure tensor
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P ∗kℓ and the (reduced) shear rate a
∗ can be easily obtained
from Eqs. (5.6)–(5.9). Their expressions are
P ∗yy =
2 + χν∗t
√
θtθt
2 + (χν∗t + ζ
∗
t )
√
θt
, (5.10)
P ∗xy = −
2 + χν∗t
√
θtθt[
2 + (χν∗t + ζ
∗
t )
√
θt
]2 a∗, (5.11)
P ∗xx =
2 + χν∗t
√
θtθt
2 + (χν∗t + ζ
∗
t )
√
θt
[
1 +
2a∗2[
2 + (χν∗t + ζ
∗
t )
√
θt
]2 ],
(5.12)
a∗ =
√
d
2
√
θtζ∗t + 2(1− θ−1t )√
θtχν∗t + 2θ
−1
t
[
2 +
√
θt (χν
∗
t + ζ
∗
t )
]
,
(5.13)
where ζ∗t is defined by Eq. (4.12) and
ν∗t ≡
νt√
θtγt
=
16
5
√
πn∗
√
T ∗ex. (5.14)
Upon deriving Eqs. (5.10)–(5.13), use has been made of
the first identity of Eq. (5.3).
Comparison between Eqs. (4.6)–(4.17) (derived from
Grad’s solution to the Boltzmann equation) with Eqs.
(5.10)–(5.13) shows that the BGK results for the non-
Newtonian transport properties coincide with the Boltz-
mann ones when χ(κ, α, β) is chosen as
χ =
ν∗η − ζ∗t
ν∗t
=
1
3
α˜ (1 + 2α˜) +
1
3
β˜
(
1 + 2β˜
)
−2α˜β˜ + 7
6
β˜2
κ
θr
θt
. (5.15)
We will take this choice for computing the remaining mo-
ments of the distribution f .
A. Suspension model at Tex = 0 and γr = 0
As happens in the smooth case,26 in spite of the ap-
parent simplicity of the BGK-like model (5.2), it is still
intricate to get the explicit form of the velocity distribu-
tion function f(V,ω). In order to obtain f and following
the arguments of Ref. 32, we focus our attention in the
marginal distribution function
f tr =
∫
dω f(V,ω). (5.16)
Given that the rheological properties are essentially
linked to the translational part of the distribution f ,
one expects that f tr captures the main properties of the
global distribution f . Moreover, as in Ref. 26, we also
assume the simple limit case Tex = 0, γr = 0, but keep-
ing γt ≡ const. In other words, we are neglecting first
the coupling between the rotational degrees of freedom
of spheres with the background gas (γr = 0). In addi-
tion, we are also supposing that Tex is much smaller than
the translational temperature Tt in such a way that the
only relevant effect of the surrounding interstitial gas on
grains is accounted for the viscous drag force. In the
case of smooth inelastic hard spheres, this simple model
has been employed to analyze rheology in sheared gran-
ular suspensions,19–23,56 particle clustering due to hy-
drodynamic interactions,57 driven steady states,58 and
to asses the impact of friction in sheared hard-spheres
suspensions.10,11,59,60
The BGK kinetic equation for f tr(V) can be easily
obtained from Eq. (5.2) by integrating over ω:
− aVy ∂
∂Vx
f tr − λt ∂
∂v
·Vf tr + χνtf tr = χνtf tr0 , (5.17)
where
f tr0 (V) =
∫
dωf0(V,ω) = n
(
m
2πTt
)3/2
e−mV
2/2Tt .
(5.18)
Exploiting the analogy with the smooth case,26 the hy-
drodynamic solution to Eq. (5.17) is
f tr(V) =
∫ ∞
0
ds e−(1−3λ˜t)s ea˜sVy
∂
∂Vx eλ˜tsV·
∂
∂V f tr0 (V),
(5.19)
where λ˜t ≡ λt/(χνt) and a˜ ≡ a/(χνt). In Eq. (5.19), the
action of the velocity operators ea˜sVy
∂
∂Vx and eλ˜tsV·
∂
∂V
on an arbitrary function g(V) is
ea˜sVy
∂
∂Vx g(Vx, Vy, Vz) = g(Vx + a˜sVy, Vy , Vz), (5.20)
eλ˜sV·
∂
∂V g(Vx, Vy, Vz) = g
(
eλ˜sVx, e
λ˜sVy , e
λ˜sVz
)
. (5.21)
The elements of the pressure tensor can be computed
from the marginal distribution function (5.19). They
are56
Pyy = Pzz =
nTt
1 + 2ξ
, Pxy = − nTt
(1 + 2ξ)2
a˜, (5.22)
and Pxx = 3p−2Pyy. Here, ξ is the real root of the cubic
equation 3ξ(1+ 2ξ)2 = a˜2. More explicitly, it is given by
ξ(a˜) =
2
3
sinh
[1
6
cosh−1
(
1 +
27
3
a˜2
)]
. (5.23)
The steady balance equation (3.3) for Tt becomes here
2γtTt+ ζtTt = −(2/3n)aPxy. This equation can be more
explicitly written when one takes into account Eqs. (5.22)
and (5.23) with the result
γt = χνtξ − 1
2
ζt. (5.24)
Thus, as noted in previous works,26,56 at given values of
α, β, and κ, the right hand side of Eq. (5.24) vanishes
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for a certain value a˜0(α, β, κ) of the (reduced) shear rate.
Since γt is strictly positive (except for a = 0 and ζt = 0),
then physical solutions to (5.24) are only possible for val-
ues of the shear rate a˜ larger than or equal to a˜0. Thus, in
particular, when α 6= 1 or |β| 6= 1|, the constraint (5.24)
prevents the possibility of obtaining the Navier–Stokes
shear viscosity (i.e., when a˜ → 0) of the granular sus-
pension. This is in fact a drawback of this simple model
not shared by the generalized Fokker–Planck suspension
model introduced in Sec. II. In the case of smooth inelas-
tic hard spheres, this drag model has been widely used
for many authors19,22,23 to study the discontinuous tran-
sition for the temperature between the quenched and the
ignited states.
VI. RHEOLOGY OF SHEARED DRY
GRANULAR GASES
Although the main goal of this paper is to assess the
influence of the interstitial gas on the rheological prop-
erties of inelastic rough hard spheres, it is interesting
first to analyze the results obtained in the dry limit case
(namely, when the effect of the background gas is ne-
glected). To the best of our knowledge, this problem
was independently studied many years ago for moder-
ately dense gases by Jenkins and Richman34 for hard
disks and by Lun33 for hard spheres. In both works, the
calculations were in principle restricted to nearly elas-
tic collisions (α . 1) and either nearly smooth particles
(β . 1) or nearly perfectly rough spheres (β & −1). A
more recent study has been performed by Santos32 by
using the BGK-like kinetic model defined in Eq. (5.1).
Given that the BGK results for rheology agree with those
derived by solving the Boltzmann equation from Grad’s
moment method, only a comparison with the theoretical
predictions reported by Lun33 for a three-dimensional gas
will be offered in this Section.
A way of obtaining the results for the dry case consists
in formally setting γt = γr = 0. However, one has to
take care in extracting the results for the dry case from
those derived in Sec. V since practically all of them have
been expressed in terms of dimensionless quantities that
diverge when γt → 0. Thus, one has to solve first the set
(4.10) for the nonzero elements P dryyy and P
dry
xy (recall that
P dryxx = 3p− 2P dryyy ) and then substitute these forms into
the balance equation (3.3). After some simple algebra,
one simply gets
P dryyy = P
dry
zz = 1−
ζt
νη
, P dryxy = −
P dryyy
νη
a, (6.1)
a2 =
3
2
ζtνη
P dryyy
, (6.2)
where νη and ζt are given by Eqs. (4.5) and (4.6), respec-
tively. Finally, the ratio of the the rotational to transla-
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FIG. 3: Plot of the (reduced) element P dryyy /nTt as a function
of the coefficient of normal restitution α for κ = 2
5
and four
different values of the coefficient of tangential restitution β:
β = −1 (a), β = −0.5 (b), β = 0.5 (c), and β = 1 (d).
Symbols refer to DSMC results obtained for spheres perfectly
smooth (β = −1).61
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FIG. 4: Plot of the (reduced) element −P dryxy /nTt as a func-
tion of the coefficient of normal restitution α for κ = 2
5
and
two different values of the coefficient of tangential restitution
β: β = −1 (a) and β = 0.5 (b). The solid lines correspond
to the results obtained here while the dashed lines refer to
the results derived by Lun.33 Symbols refer to DSMC results
obtained for spheres perfectly smooth (β = −1).61
tional temperature can be easily obtained from the bal-
ance equation (3.4) by taking γr = 0. It leads to the
condition ζr = 0, which according to Eq. (4.9) yields(Tr
Tt
)dry
= κ
1 + β
1− β + 2κ. (6.3)
Equation (6.3) was already obtained by Lun.33 As hap-
pens in the homogenous steady state driven by a white-
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noise thermostat,53 the temperature ratio of the steady
shear flow problem is independent of the coefficient of
restitution α. This conclusion contrasts with the results
derived in the homogeneous cooling case,36,62–64 where
Tr/Tt depends on both α and β [see Eq. (A3) of the Ap-
pendix A.]
Contrary to the case of granular suspensions, the bal-
ance equation (3.3) establishes an intrinsic relation be-
tween the (reduced) shear rate a/νt and the mechanical
parameters of the system (the coefficients of normal resti-
tution α and tangential restitution β and the dimension-
less moment of inertia κ). This means that a/νt is not
an independent parameter and is a function of α, β, and
κ.
Since the results derived by Lun33 apply in principle to
slightly inelastic, slightly rough spheres, then the normal
stress differences vanish: P dryxx = P
dry
yy = P
dry
zz = p. On
the other hand, his expressions for P dryxy and a/νt are for-
mally equivalent to our results when one takes P dryyy = 1
in Eqs. (6.1) and (6.2). Figure 3 shows the α-dependence
of the (reduced) yy-element P dryyy /nTt for κ =
2
5 and four
different values of β: β = −1 (perfectly smooth spheres),
β = −0.5 (moderate roughness), β = 0.5 (medium rough-
ness), and β = 1 (strong roughness). Results obtained
from DSMC simulations61 for perfectly smooth spheres
are also included. It is quite apparent first that the com-
bined effect of α and β gives rise to anisotropic effects
in the yy-element of the pressure tensor; these effects are
measured by the departure of the ratio P dryyy /nTt from
1. We also see that, for a given value of β, these non-
Newtonian effects increase monotonically with decreasing
α. In addition, for a given value of α, P dryyy /nTt presents a
non-monotonic dependence on β; the impact of roughness
being higher for central values of β (let’s say |β| ∽ 0.5).
Comparison with Monte Carlo simulations for β = −1
shows a good agreement; we hope that this agreement
is also extended for the remaining values of β. As a
complement of Fig. 3, Fig. 4 plots −P dryxy /nTt versus α
for β = −1 and β = 0.5. The theoretical predictions
of Lun33 are also represented. As expected, we observe
that the agreement between Lun’s predictions and our
results is excellent for α . 1 and |β| . 1. On the other
hand, the discrepancies between both theories increase
as increasing inelasticity (at a given value of roughness)
or as increasing roughness (at a given value of inelastic-
ity). As in the case of Fig. 3, Fig. 4 highlights again the
good performance of Grad’s solution when α = 1 and
β = −1 since the above solution compares very well with
simulations.
VII. RHEOLOGY AND FOURTH-DEGREE
MOMENTS OF SHEARED INERTIAL
SUSPENSIONS
We consider now sheared inertial suspensions (γt 6= 0
and γr 6= 0). In Sec. IV we have determined the ele-
ments of the (reduced) pressure tensor P ∗kℓ by solving the
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FIG. 5: Plots of the (steady) translational granular tempera-
ture θt, the (steady) rotational granular temperature θr, the
non-Newtonian shear viscosity η∗, and the viscometric func-
tion Ψ∗ as a function of the (reduced) shear rate a∗ for α = 0.9
and different values of the coefficient of tangential restitution
β: β = −1 (black line), β = −0.5 (red line), β = 0 (green
line), β = 0.5 (blue line), and β = 1 (cyan line). Symbols refer
to computer simulation results obtained for spheres perfectly
smooth (β = −1).24 Here, κ = 2
5
, n∗ = 0.01, and T ∗ex = 1.
The thick lines represent the linearly unstable regions.
Boltzmann equation (3.2) by means of Grad’s moment
method. Then, in Sec. V we have replaced the Boltz-
mann collision operator J [f, f ] by the BGK-like collision
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term (5.1) and have explicitly obtained all the velocity
moments of the velocity distribution function. In dimen-
sionless form, all the above quantities (pressure tensor
and higher degree velocity moments) have been expressed
in terms of the restitution coefficients α and β, the (re-
duced) moment of inertia κ, the reduced density n∗, the
(reduced) bath temperature T ∗ex, and the (reduced) shear
rate a∗.
We want essentially assess the shear-rate dependence
of η∗, Ψ∗, θt, θr, and the fourth-degree moments for fixed
values of α, β, κ, n∗, and Tex. Since the theoretical
results for θt, η
∗, and Ψ∗ will be compared against event-
driven simulations24 carried out for the case α = 0.9 and
β = −1, the values of n∗ and Tex employed in those
simulations (n∗ = 0.01 and Tex = 1) and the value κ =
2
5
will be used in the remaining plots of this Section.
A. Rheology
The dependence of the (steady) translational temper-
ature θt, the non-Newtonian shear viscosity η
∗, and the
viscometric function Ψ∗ on the (reduced) shear rate a∗
is shown in Fig. 5. The analytical forms of the above
quantities are given by Eqs. (4.17), (4.22), and (4.23),
respectively. We recall that the corresponding expres-
sions of the BGK equation agree with those derived from
Grad’s solution when one makes the choice (5.15) for the
free parameter χ of the kinetic model. In addition, as will
be discussed in Sec. VIII, depending on the values of α
and β, the steady solution can be linearly unstable. The
thick lines in Fig. 5 denote the linearly unstable regions.
The main conclusion of Fig. 5 is that the rough-
ness does not change the trends observed in previous
works24,26 for perfectly smooth inelastic spheres: there
is a drastic increase of all the rheological properties with
increasing the shear rate. In particular, the panel (c)
of Fig. 5 highlights the existence of DST for the shear
viscosity η∗, regardless of the value of the coefficient of
restitution β. On the other hand, at a more quantitative
level, we observe that, for a given value of a∗, high levels
of roughness can slightly attenuate the jump of η∗ relative
to the frictionless case. This is a quite unexpected result
since most of the results obtained for concentrated sus-
pensions have shown that friction enhances DST. How-
ever, this trend is not monotonic since there is a change in
the above behavior for very high shear rates; in fact, the
line corresponding to strong roughness (β = 1) intersects
the curves of β = 0.5, β = 0, and β = −0.5 for a∗ & 10.
In addition, the agreement between theory and simula-
tions for perfectly smooth spheres (α = 0.9 and β = −1)
is relatively good, except in a small region close to the
transition point where simulation data suggest a sharper
transition than the Boltzmann one. We think that this
small discrepancy is mainly due to the limitations of the
Boltzmann equation for accounting small density correc-
tions to η∗ around this transition point. As a matter of
fact, the Enskog predictions for this quite small density
(n∗ = 0.01) compares slightly better with simulation data
than the ones obtained from the Boltzmann equation; see
for instance Fig. 2 of Ref. 24.
Although similar trends are observed for θt and Ψ
∗, it
is worthwhile noticing that the combined effect of α and
β on the viscometric function Ψ∗ is quite important since
while this quantity is tiny for small shear rates, it sud-
denly increases for not quite large values of the shear rate
(let’s say a∗ ≈ 1). It must be recalled that the results
obtained in the context of the Enskog equation for mod-
erately dense gases have shown a transition from DST
for very dilute suspensions to CST at relatively moder-
ate densities.24
More influence of roughness on rheology can be found
in the case of the (steady) rotational granular tempera-
ture θr = Tr/Tex. This quantity does not play any role in
the perfectly smooth case. The panel (b) of Fig. 5 shows
the shear-rate dependence of θr. It is quite apparent that,
for large shear rates, roughness clearly enhances the value
of θr in contrast to what happens for θt. It must be re-
marked that similar features of the rheological properties
have been observed for other values of the coefficient of
restitution.
B. Fourth-degree velocity moments
We consider now the relevant fourth-degree velocity
moments obtained in the context of the BGK model.
They can be easily determined from Eq. (5.9). As dis-
cussed in Ref. 26, there are eight independent fourth-
degree (symmetric) moments: five of them are even func-
tions of the (reduced) shear rate a∗ while the remaining
three are odd functions of a∗. To illustrate the shear-rate
dependence of those moments, we chose the representa-
tive moments
M4|0 =
∫
dv
∫
dω V 4 f(ω,V)
= M400 + 2 (M040 +M220 +M202 +M022) ,
(7.1)
M2|xy =
∫
dv
∫
dω V 2VxVyf(ω,V)
= M310 +M130 +M112, (7.2)
where the canonical moments Mk1,k2,k3 are given by Eq.
(5.9). Upon writing Eq. (6.1), use has been made of the
identityM040 = M004. While the momentM4|0 is an even
function of a∗ (and so, M4|0 6= 0 when a∗ = 0), the mo-
ment M2|xy is an odd function of a
∗ (and so, M2|xy = 0
when a∗ = 0). To see more clearly the influence of both
α and β on M4|0 and M2|xy, we consider first the region
0 6 a∗ 6 1 where non-Newtonian effects are expected to
be still important. Figure 6 shows the shear-rate depen-
dence of M∗4|0(a
∗)/M∗4|0(0) and −M∗2|xy(a∗) for α = 0.9
and several values of β. Here, we have introduced the
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FIG. 6: Shear-rate dependence of the (scaled) fourth-degree
moments M∗4|0(a
∗)/M∗4|0(0) (panel (a)) and −M
∗
2|xy(a
∗)
(panel (b)) for α = 0.9 and different values of the coefficient
of tangential restitution β: β = −1 (black line), β = −0.5
(red line), β = 0 (green line), β = 0.5 (blue line), and β = 1
(cyan line). Here, κ = 2
5
, n∗ = 0.01, and T ∗ex = 1.
dimensionless moments{
M∗4|0,M
∗
2|xy
}
= n−1
(
m
Tex
)2 {
M4|0,M2|xy
}
. (7.3)
In Fig. 6,M∗4|0(0) refers to the value ofM
∗
4|0 when a
∗ = 0,
namely,
M∗4|0(0) =
9
4 +
√
θ
(0)
t (χν
∗
t + 2ζ
∗
t )
[
χν∗t
√
θ
(0)
t θ
(0)
t
+4
2 + χν∗t
√
θ
(0)
t θ
(0)
t
2 +
√
θ
(0)
t (χν
∗
t + ζ
∗
t )
]
, (7.4)
where θ
(0)
t is a real solution of Eq. (4.24). As expected,
we observe first in Fig. 6 that these fourth-degree mo-
ments clearly depart from their equilibrium values (in
the absence of shear rate). Surprisingly, at a given value
of α, the impact of β on those moments is very small
since all the curves collapse in a common one. This fea-
ture contrasts with the results obtained for the rheolog-
ical properties since the effect of β on both η∗ and Ψ∗
is remarkable in this range of values of the shear rate
(a∗ ≤ 1). It must be recalled that a similar property
appears in the smooth limit case,26 since the effect of α
on M∗4|0(a
∗) and −M∗2|xy(a∗) was also found very tiny at
a given value of the shear rate.
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FIG. 7: Shear-rate dependence of the (scaled) fourth-degree
moments M∗4|0(a
∗)/M∗4|0(0) (panel (a)) and −M
∗
2|xy(a
∗)
(panel (b)) for α = 0.9 and different values of the coefficient
of tangential restitution β: β = −1 (black line), β = −0.5
(red line), β = 0 (green line), β = 0.5 (blue line), and β = 1
(cyan line). Here, κ = 2
5
, n∗ = 0.01, and T ∗ex = 1.
For very large values of the shear rate, it is interesting
to see whether the fourth-degree moments increase also
dramatically with the shear rate in a similar way as the
non-Newtonian shear viscosity η∗. This is illustrated in
Fig. 7 where it is clearly shown that both scaled moments
exhibit an S-shape for any value of β. In addition, we
also see that the effect of β on these moments is really
significant for large values of a∗.
C. Velocity distribution function
As said in Sec. V, one of the main practical advan-
tages of kinetic models is the possibility of obtaining the
explicit form of the velocity distribution function. Here,
we have obtained it in the special case Tex = γr = 0
and is given by Eq. (5.19). To illustrate the dependence
of f tr(V) on the parameter space of the problem, let us
rewrite this distribution as
f tr(V) = n
( m
2Tt
)3/2
ϕ(c), (7.5)
where c =
√
m/2TtV is the reduced peculiar velocity
and the reduced velocity distributions function ϕ(c) is
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FIG. 8: Plot of the ratio Rx(cx) = ϕ(cx)/(π
−1/2e−c
2
x) versus
the scaled velocity cx =
√
m/2TtVx for γ˜t = 0.1 and five
different values of the coefficient of tangential restitution β:
β = −1 (black line), β = −0.5 (red line), β = 0 (green line),
β = 0.5 (blue line), and β = 1 (cyan line). Three different
values of the coefficient of normal restitution α are considered:
α = 1 (panel (a)), α = 0.7 (panel (b)), and α = 0.5 (panel
(c)). Here, κ = 2
5
, n∗ = 0.01, and T ∗ex = 1.
given by
ϕ(c) = π−d/2
∫ ∞
0
ds e−(1−3λ˜t)s exp
{
− e2λ˜ts
×[(cx + a˜scy)2 + c2y + c2z)]}. (7.6)
Upon writing Eq. (7.6), use has been made of Eqs.
(5.20) and (5.21). Figure 8 shows the ratio Rx(cx) =
ϕx(cx)/
(
π−1/2e−c
2
x
)
for γ˜t = 0.1 and different values of
the restitution coefficients α and β. Here, ϕx(cx) is the
marginal distribution
ϕx(cx) =
∫ ∞
−∞
dcy
∫ ∞
−∞
dcz ϕ(c)
=
1√
π
∫ ∞
0
ds
e−(1−λ˜t)s√
1 + a˜2s2
exp
(
−e2λ˜ts c
2
x
1 + a˜2s2
)
.
(7.7)
Figure 8 shows that in general Rx(cx) is clearly differ-
ent from 1, namely, the distribution ϕx(cx) is highly dis-
torted from its local equilibrium value (π−1/2e−c
2
x). At a
given value of the coefficient of tangential restitution β,
the distortion is more significant as the coefficient of nor-
mal restitution α decreases (increasing inelasticity). The
impact of roughness on Rx(cx) increases with decreasing
α.
VIII. LINEAR STABILITY ANALYSIS OF THE
STEADY SOLUTION
Although our study has been mainly focused on the de-
termination the rheological properties under steady state
conditions, an interesting question is to see if actually
the steady state solution provided by Eqs. (4.15)–(4.19)
is indeed a (linearly) stable solution. In order to perform
this analysis, we write first the four relevant equations
for P ∗yy, P
∗
xy, θt, and θr from Eq. (4.14):
∂τP
∗
yy + 2
(
P ∗yy − 1
)
= −ν∗η
√
θt
(
P ∗yy − θt
)−√θtθtζ∗t ,
(8.1)
∂τP
∗
xy + a
∗P ∗yy + 2P
∗
xy = −ν∗η
√
θtP
∗
xy, (8.2)
∂τθt + 2 (θt − 1) +
√
θtθtζ
∗
t = −
2
3
a∗P ∗xy, (8.3)
∂τθr + 2
γr
γt
(θr − 1) +
√
θtθrζ
∗
r = 0. (8.4)
We want to solve the set of Eqs. (8.1)–(8.5) by assuming
small deviations from the steady state solution. Thus,
we write
P ∗yy(τ) = P
∗
yy,s + δP
∗
yy(τ), P
∗
xy(τ) = P
∗
xy,s + δP
∗
xy(τ),
(8.5)
θt(τ) = θt,s + δθt(τ), θr(τ) = θr,s + δθr(τ), (8.6)
where the subscript s means that the quantity is evalu-
ated in the steady state. Here, for the sake of simplicity,
we have assumed that the interstitial fluid is not per-
turbed and hence, the parameters γt, γr, and Tex are
constant in the time-dependent shear flow problem. This
means that the reduced shear rate a∗ = a/γt is also con-
stant. Substituting Eqs. (8.5) and (8.6) into Eqs. (8.1)–
(8.5) and neglecting nonlinear terms in the perturbations,
after some algebra one gets the set of linear differential
equations
17
∂τ

P˜yy
P˜xy
θ˜t
θ˜r
 = −L ·

P˜yy
P˜xy
θ˜t
θ˜r
 , (8.7)
where
P˜yy(τ) =
δP ∗yy(τ)
P ∗yy,s
, P˜xy(τ) =
δP ∗xy(τ)
P ∗xy,s
, θ˜t(τ) =
δθt(τ)
θt,s
, θ˜r(τ) =
δθr(τ)
θr,s
. (8.8)
The square matrix L is
L =

2 +
√
θtν
∗
η 0
√
θtθt
(
ν∗η−2ν¯η
2θt
−
3
2
ν∗η−ν¯η
P∗yy
+
3
2
ζ∗t−ζ¯t
P∗yy
) √
θt
(
ν¯η − 11ν¯ηP∗yy θt
)
a∗
P∗yy
P∗xy
2 +
√
θtν
∗
η
√
θt
(
1
2ν
∗
η − ν¯η
) √
θtν¯η
0 23
P∗xya
∗
θt
√
θt
(
3
2ζ
∗
t − ζ¯t
)
+ 2
√
θtζ¯t
0 0
√
θt
(
1
2ζ
∗
r + ζ¯r
)
2 γrγt +
√
θt
(
ζ∗r − ζ¯r
)
 , (8.9)
where the subscript s has been omitted for the sake of
brevity. This means that it is understood that all the
quantities appearing in the matrix L are evaluated at
the steady state. In Eq. (8.9), we have introduced the
quantities
ν¯η =
8
15
√
π
β˜2
κ
θr
θt
n∗
√
T ∗ex, ζ¯t = −10ν¯η, ζ¯r =
θt
θr
ζ¯t.
(8.10)
In the purely smooth case (β = −1), β˜ = ν¯η = ζ¯t =
ζ¯r = 0, and hence the matrix L is consistent with the
one obtained in Ref. 25 for a linear stability analysis for
smooth hard spheres.1
The eigenvalues ℓ of the square matrix L govern the
time evolution of the deviations
{
P˜yy, P˜xy, θ˜t, θ˜r
}
from
the steady solution given by the set
{
P ∗yy,s, P
∗
xy, θt,s, θr,s
}
.
If the real parts of those eigenvalues are positive the
steady solution is linearly stable, while it is unstable oth-
erwise.
On the other hand, as already occurs for smooth
spheres,26 the (steady) translational temperature θt(a
∗)
turns out to be a multi-valued function of the (reduced)
shear rate in a certain interval of values of a∗ (see the
vicinity of the saddle point in Fig. 5). Thus, as already
did in Refs. 25,26, in order to analyze the stability of
the steady solution we take θt as independent parame-
ter instead of a∗ for the sake of convenience. Of course,
1 The only difference between both results is the existence of some
contributions proportional to (∂a∗/∂θt)s in Ref. 25 which are
absent in our results. However, since a∗ ∝ T
−1/2
ex ≡ const. in
the time-dependent problem, these type of contributions are not
present when one slightly perturbs the steady state by small
homogeneous time-dependent perturbations.
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FIG. 9: Plot of the real part of the eigenvalues ℓi (i = 1, 2, 3, 4)
of the matrix L for n∗ = 0.01, T ∗ex = 1, κ =
2
5
, α = 1, and
β = −0.5. The green line corresponds to the real part of the
complex conjugate pair (ℓ2, ℓ3). The red and blue lines refer
to the other two eigenvalues (ℓ1, ℓ4), which become a complex
conjugate pair for high values of θt. The region where the real
parts of ℓ1 and ℓ4 vanish is shown more clearly in the inset
graph.
once θt(a
∗) is known, a∗ can be determined from Eq.
(4.17). As expected from the previous stability analy-
sis performed for smooth spheres,25 a careful analysis of
the eigenvalues ℓ shows that, for given values of α and
β, the real part of one of the eigenvalues (the one which
associated with the rotational temperature θr) can be-
come negative for values of θt belonging to the range
θ
(1)
t < θ < θ
(2)
t . The critical values θ
(i)
t depend on
n∗, T ∗ex, α, β, and κ. This means that the steady sim-
ple shear flow solution is linearly unstable in the region
θ
(1)
t < θ < θ
(2)
t .
As an illustration, Fig. 9 shows the real part of the
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flow solution is linearly stable, while the unfilled region refers
to states where the steady solution is linearly unstable.
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FIG. 11: Phase diagram for the behavior of the eigenvalues of
the matrix L for n∗ = 0.01, T ∗ex = 1, κ =
2
5
, and two different
values of α: α = 0.9 (panel (a)) and α = 1 (panel (b)). The
hatched regions correspond to states where the steady simple
shear flow solution is linearly stable, while the unfilled regions
refer to states where the steady solution is linearly unstable.
eigenvalues ℓi (i = 1, 2, 3, 4) of the matrix L as a function
of the translational temperature θt for n
∗ = 0.01, T ∗ex =
1, κ = 25 , α = 1, and β = −0.5. We find that two of
the eigenvalues (let’s denote for instance by ℓ2 and ℓ3)
are complex conjugate while the other two (ℓ1 and ℓ4)
become a complex conjugate pair for high values of θt.
It is quite apparent that while the real part of ℓ2 (or ℓ3,
since Re ℓ2 = Re ℓ3) is always positive, the real parts of
ℓ1 and ℓ4 become negative for certain critical values of θt
(see the inset graph where the position of these critical
values is more clearly shown). This means that there are
two different unstable regions for this system.
The above feature is clearly confirmed in Fig. 10 where
we plot a phase diagram delineating the regions between
stable and unstable solutions in the {α, θt}–plane for
smooth inelastic hard spheres (β = −1) with n∗ = 0.01,
T ∗ex = 1, and κ =
2
5 . While the hatched regions refer to
values of (α, θt) where the steady shear flow solution is
stable, the unfilled regions correspond to combined values
of α and θt for which the steady solution is unstable. It is
worthwhile noticing that the dependence of the bound-
ary line separating both stable and unstable regions on
α is not quite trivial since at a given value of α there
is a reentrance feature as the translational temperature
θt increases: we first find a transition from the stable to
unstable region, followed by a subsequent transition to
the stable region. Surprisingly, the size of the unstable
region decreases with inelasticity. As a complement of
Fig. 10, Fig. 11 shows two different phase diagrams in
the {β, θt}–plane for two values of the coefficient of nor-
mal restitution α: α = 0.9 (panel (a)) and α = 1 (panel
(b)). We observe first that there are two separate unsta-
ble regions around β = −0.5 in the case of α = 1. This is
consistent with the findings of Fig. 9. The second unsta-
ble region corresponding to higher θt’s is more squeezed
than the first one. In addition, we see that the size of the
unstable region decreases with increasing roughness (β
increases). This is more apparent in the case of the panel
(a) of Fig. 11 where only a single unstable region is found.
This means that roughness attenuates the instability of
the time-dependent sheared problem. In fact, at a given
value of α, there exists a critical value βc(α) for which
the unstable region is destroyed and hence, the steady so-
lution is always linearly stable for β > βc. In particular,
βc ≃ 0.75 for α = 0.9 and βc ≃ 0.94 for α = 1. Figure 11
also highlights the complex dependence of the boundary
lines for α = 1 around β = −0.5 since the following series
stable→unstable→stable→unstable→stable occurs when
θt increases at fixed β.
In summary, our stability analysis shows that there are
regions of the parameter space of the problem where the
steady simple shear flow state can be linearly unstable.
This restricts of course the analysis performed here for
rheology to specific regions of the parameter space where
the steady solution is stable. Hopefully, the size of the
stable regions is in general larger than that of unstable
regions.
IX. SUMMARY AND DISCUSSION
The determination of the non-Newtonian transport
properties in inertial suspensions under simple shear flow
has stimulated in the past few years the use of kinetic
theory tools. Starting from the Boltzmann (which holds
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for very dilute systems) and/or the Enskog (which ap-
plies for moderately dense systems) kinetic equations,
several works19–26 have obtained explicit expressions of
the shear-rate dependence of the kinetic temperature, the
non-Newtonian viscosity, and the viscometric functions.
In most of the cases, the analytical results have been
validated against computer simulations showing in gen-
eral good agreement for conditions of practical interest.
An interesting conclusion is that the viscosity exhibits
DST for very dilute systems;25,26 this means that there
is a sudden relative increase of viscosity with increasing
shear rate. On the other hand, it has been also shown
that DST becomes gradually into CST as the density in-
creases.
However, all previous theoretical works19–26 have con-
sidered inertial suspensions of smooth inelastic hard
spheres and hence, the effects of tangential friction in
particle collisions on non-Newtonian rheology have been
neglected. In the context of kinetic theory, we are not
aware of any previous attempt on addressing the impact
of roughness on the non-Newtonian transport properties.
In this paper, we have addressed this problem; more
specifically and due to the complexity of the problem we
have considered a granular suspension of inelastic rough
hard spheres at low density. In this case, the Boltzmann
kinetic equation conveniently adapted for accounting the
effect of the interstitial gas on grains is a reliable equation
for obtaining the kinetic contributions to the temperature
and the relevant elements of the pressure tensor.
In the case of smooth spheres,24–26 the influence of
the gas phase on solid particles has been usually ac-
counted for by a gas-solid force constituted by two
terms: (i) a drag force term proportional to the (in-
stantaneous) velocity v plus (ii) a stochastic term
represented by a Fokker–Planck operator of the form
−(γtTex/m)∂2f/∂v2. While the first term models the
friction of grains on the continuous gas phase, the sec-
ond one takes into account thermal fluctuations. On the
other hand, when the spheres are not completely smooth
and there is a certain friction between both spheres, one
has also to take into account the coupling between the
rotational degrees of freedom of grains and the gas phase.
Here, we have assumed that this coupling has a similar
structure to the one assumed in the smooth case and
so, one has to add two new terms in the corresponding
suspension model: a term proportional to the angular
velocity ω plus a Fokker–Planck operator of the form
−(γrTex/m)∂2f/∂w2. The coefficients γt and γr are pro-
portional to the square root of the background tempera-
ture Tex.
Once the suspension model is defined, as a first goal
we have approximately solved it by Grad’s moment
method.31 More specifically, we have evaluated the col-
lisional moment J [Vk, Vℓ|f, f ] [defined by Eq. (2.16)] by
using the Grad’s distribution (4.1). The knowledge of
this collisional moment allows us to obtain the explicit
forms of the (reduced) rotational θr and translational θt
temperatures as well as the (reduced) relevant elements
of the pressure tensor P ∗k,ℓ in terms of the parameter
space of the problem (the restitution coefficients α and
β, the reduced moment of inertia κ, the reduced shear
rate a∗, the reduced background temperature T ∗ex, and
the reduced density n∗). Although the determination
of non-Newtonian rheological properties (which are di-
rectly related with the second-degree velocity moments)
is the most important objective of the present contribu-
tion, higher degree velocity moments are also relevant
since they provide some indirect information on the ve-
locity distribution function, specially in the high veloc-
ity region. Given that their evaluation from the true
Boltzmann equation is quite intricate, as a second goal
we have obtained them by considering a BGK-like ki-
netic model32 recently proposed for inelastic rough hard
spheres. Beyond non-Newtonian rheology, the fourth-
degree moments are the first nontrivial moments in the
steady simple shear flow problem. Their knowledge al-
lows us to disclose partially the combined effect of the
different physical mechanisms (shearing, gas phase, in-
elasticity) involved in the problem on the distribution
function.
Regarding non-Newtonian rheology, the results derived
here for inelastic rough hard spheres show no new sur-
prises relative to the earlier works for smooth inelastic
hard spheres:24–26 the flow curve for the non-Newtonian
viscosity η∗(a∗) exhibits an S-shape and hence, DST
is present. This means that η∗ discontinuously in-
creases/decreases if a∗ is gradually increased/decreased
[see the panel (c) of Fig. 5]. We have also observed that,
at a given value of α, the dramatic increase of viscosity is
slightly mitigated by roughness (namely, as β increases).
The influence of roughness on rheology is more signifi-
cant in the case of the (reduced) rotational temperature
θr. The panel (b) of Fig. 5 highlights that, for large shear
rates, θr increases with increasing β.
With respect to the fourth-degree moments, at a given
value of the coefficient of normal restitution α, surpris-
ingly the BGK results show that the shear-rate depen-
dence of those moments is practically independent of
roughness in the range a∗ ≤ 1, where nonlinear effects
are already important. This feature contrasts with the
behavior of η∗(a∗) since the value of η∗ clearly differs
from its Navier–Stokes form in this range of values of the
shear rate. For larger shear rates, we find that the fourth-
degree moments also display an S-shape in a similar way
to the viscosity η∗ (see Fig. 7).
As a complement of the previous results, we have also
analyzed the stability of the steady simple shear flow
solution for non-Newtonian rheology. To perform this
analysis, since θt(a
∗) is a multi-valued function of a∗, it
is more convenient to take θt as an independent input
parameter instead of the (reduced) shear rate. In this
case, as happens for smooth spheres,25 the linear sta-
bility analysis shows regions of the parameter space of
the system where the steady solution is linearly unstable.
More specifically, for given values of the set (n∗, T ∗ex, κ,
α), the steady solution becomes unstable in the region
20
θ(1) < θt < θ
(2)
t , where the critical values θ
(i)
t depend on
the coefficient of tangential restitution β. In addition,
as the panel (b) of Fig. 11 clearly illustrates, the depen-
dence of the boundary lines delimitating stable/unstable
regimes on β is quite complex and in fact, there may be
two or more separate unstable regions. It is worthwhile
noticing that the unstable region usually belongs to the
range of (reduced) shear rates where DST appears [see
the thick lines of the panel (c) of Fig. 5]. Thus, it would
be tentative to speculate on the possible relation between
DST and instability, although this connection requires a
more rigorous analysis. We plan to elucidate this point
in the near future by considering a time-dependent inho-
mogeneous solution.
As mentioned in Sec. I, the origin of DST has re-
ceived a lot of attention in the past few years. Several
mechanisms12 have been proposed, most of them directly
related to the complex structure of dense suspensions.
On the other hand, as already discussed in Ref. 26, what
is surprising here is the existence of DST in a structurally
simple system. In this case, the origin of DST in dilute
suspensions of inelastic hard spheres could be associated
with both non-Newtonian rheology in far from equilib-
rium states as well as the effect of the interstitial gas on
the dynamics of inelastic rough hard spheres.
It is apparent that the theoretical results presented
here are relevant to make a comparison with computer
simulations. Previous simulations24,25 carried for perfect
smooth inelastic spheres (β = −1) have shown a good
agreement with kinetic theory results, as is clearly illus-
trated in most of the plots presented along the paper.
We expect that this agreement is also extended to the
case of inelastic rough hard spheres. We plan to carry on
those simulations in the near future. Another possible
future project is the extension of the present results to
finite densities by considering the Enskog kinetic equa-
tion. Since this kinetic equation applies in principle to
moderate densities (let’s say, for instance, solid volume
fraction smaller than or equal to 0.25 for hard spheres),
the comparison between kinetic theory and molecular dy-
namics simulations becomes more practical.
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Appendix A: Navier–Stokes shear viscosity
coefficient of dry granular gases
The explicit expression of the Navier–Stokes shear vis-
cosity of a dry gas of inelastic rough hard spheres is dis-
played in this Appendix.50 It is given by
ηNS =
nTt
νt
1
ν∗η − 12ζ∗
, (A1)
where νt and ν
∗
η are defined by Eqs. (4.8) and (4.13),
respectively, and the (reduced) cooling rate ζ∗ is
ζ∗ =
5
12
1
1 + θ
[
1− α2 + (1− β2)κ+ θ
1 + κ
]
. (A2)
Here, the temperature ratio θ ≡ Tr/Tt is
θ = h+
√
1 + h2, (A3)
where h defined by
h =
(1 + κ)2
2κ(1 + β)2
[
1− α2 − (1 − β2)1 + κ
1 + κ
]
. (A4)
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